
Quantum Morphisms
Lecture 5



Lastweek

Introduced projective packing/clique numbers xp/wp
Relation to projective rank : eg.tk/ILY#&WplG)EegflG)
Introduced quantum clique/independence numbers wqlaq
✗ (G) a-✗q(G) c-xp (G) c-✗(E)

If xp IG) ✗(E) , then ✗q(G) =✗(E) .
G partitioned into ✗(E) cliques C, , . . ,Cxi,
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gives quantum indpt set
of size ✗(E)

Use Kochen - Specter sets to find graphs with

✗ (G) < ✗ IG)



UsinqGHH-G-Htogetxlkka.dk#
HomomorphicproductG✗H_
V16 ✗ A) = V16)×VkH ) Eqh F-g.n' =D

lg.hl~loj.li/if(g--ojoh=h')orlg~ojthxh')Spe-iaass:GxKn--G☐kn
.

Cartesian product
⇐
,
-) or (~

, =)

Kn*H=Kn✗H- Categoricalproduct
a.→

VLH )

-

v { (girl :h€HH13⇒XlG✗H-1<-1%11

f.
is a clique

l-emma-i.atG✗H)s NIGH and equality holds

if and only if G→H.

f horn
.
{ lq.tw/:gc-.VCG) }

151=14611 indptsetgi-hs.tfg.tn )ES



.NO/-e-:aq(GxH)sxplGxH)sXlGxH-K-lVlGII.Theorem-(ManEins
Katme ) : The following are equivalent

1) G# H ,

2) ✗plG✗H) HIGH Lor xp (Gmt) (G)1),
3) xqlG✗H)= HUGH lorxqlG✗H) ⇒ HUGH .

First let's show G#It ⇒ ✗qlG✗H/=/VIGIL in terms of thegames .

Suppose AtB have a strategy for the (GH)-horn game .

They will play the (Kuo, ,G✗H-)-horn game as follows:

Upon receiving gevlkvio,)= V16), they act as if
this is their input for the (GH) -horn game and

obtain output HEVIH). They then respond with 1g, b) c-VIGHT) .

At B get gig
' output (girl 21g ',h 't resp .

g--g
'

⇒ h -- h
'

⇒ Ig. b)
= (g

'

,
h
')

gtg
'
: 1) g
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g
'

:⇒ h - h
'
⇒ (g , h ) -1kg

'

,h
') in GXH

±

2) g -1g
'⇒ (g , h)

✗ (g
'

,
h
'

) in G ✗H
F

Fglg,nF Egh Fgyq.nl =D if y
'

-1g .



= ✗(E)

✗q(G ✗ A) =/V1G) I ⇒ ✗plGxH)÷ / VIGIL is immediate
.

⇐

Suppose that 1g ,b) ↳ Egn c- ¢
""
is a proj. pack.

of value IVLGII
,
thus §rklEgn)=d/UGH .

We want to show that the F-gh satisfy the conditions

for G# It
.

1) Orthogonality conditions hold by definition of Galt.
2) Need to show EEgn=I Y GENG) .

By orthogonality § F-
gn

is a projection to c-V16), thus

d) V1G)f- F. rklE.sn/--gE&nrklEgn1)--gErklEnEgnKEgd--d/VlG1l .
Therefore

, rklEEgn)=d Kg c- V16)

⇒ §Egn=I Yg c- V14.



F-xamplewiths.nl?e-al:
Rn is the orthogonality graph of {1--1}

"

Xuan)=4n but ✗Iran) is exponential inn.

Franklttod : ✗(Shan ) a- y
"" for some

fc2.MY#=C-gFLemmoi-:xlGkn)--xCGKnK-nxlG)1-y
foroltar.IS#a):aqlRanKan1--lVlr4n)l-- 24

"

but ✗ (Ren Kan ) c- 4mg
"" for some 8<2 .

thus ¥¥:¥¥-,=¥H
"

.
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lova-sztheto.co
a graph with adjacency matrix A.

Hoffman : ✗ (G) zt-III.LA?---dm*IIt-Tmi.lAT A)

The only property of A needed is that

Auf 0 if uxv ( includes u=v)

Optimizing Hoffman 's bound over suitable A

gives Lovoisz' Theta function of G-
.

8181=8(G) = maximalATI )
St

.
Auv = 0 if uxv

Amin11-1=-1 AtI >_ 0

= min 1-
s.t. Mun -- t - l Yu c- V16)
Mur = -1 if u- ✓
ME 0

Max & min formulations mean that we have

"

certificates" for both 8-(G) > ✗ + OTG) Ey .



Historicalimports.in#
On the Shannon capacity of a graph .

Lovoisz
,
1979

✗(G) EOCG) e-✗(E)

016☒ A) =O(G)Out) ⇒ 016*7=016)n

⇒ D- (G) := Iim (✗ (G☒h))
"" £016)

n→x

Using this Lovoisz showed that

-01C , )
-

- V5

D- (Cnn ) for kz3 is still open

Properties Xf (G) ✗ (G) > WIG/
• O(G)0(G) ZIVLG) / w/ equality if G is vtx trans

.

• if G is vtx & edge transitive then 0761=1 - ×m*lA)_kinin /A)

for A the adjacency matrix of G.
• 01km)=n Exercise

.

•
"

efficiently computable
"

•

many many formulations

- References : Lovoisz' paper (
~ means adjacentor equal)

The sandwich theorem by Knuth



Formulation in terms of projective packings

Recall that the value of a proj . pack. gi→EgE¢d
"

is i-grklF-gt-t.gg/-rlEg)--d-TrlgEg)
= avg of e- vats of §Eg

Proposition : 01G) = max Imax (§,
F-g)

s.t.gr Eg is a proj. pack .
xp /G) c- 0161

More typical formulation : O(G) = Max § 15414g > 12

sit . grill, > ortho. rep.
t 19> unit ivec.

Proofofequivalence : Exercise .



Monotonicity
Want to prove a

"

quantum sandwich theorem
"

i. e. that
w{G) EOTG)sX£G ) .

Suffices to prove G→H ⇒ OTG) EOCH)

let m=w¥G ) n=XqlG )

km# G# kn ⇒ ⑤(Kun ) EOTGIEOTKNI
m n

Proof:_ Let gi→EgE¢d×d be a proj . pack . of G- with

ima.×l§ F-g) = ⑤(G) . Suppose that

Pgn C- ¢
"""
for geV(G) oh c-WH) give a quantum

homomorphism from G to H
. Define

Fn=§Eg☒Pgn YHEVIH) .
Fn is a projection : each term F-g☒Pgn is a projection &

(Eg ☒ Pgn )/F-g.☒Bin )=EgEg . ☒Pghpojn = 0 if g-to
'

--0 itgtg
" =D ifg~g

'

to -1-9
'



htt Fn is a proj . pack . of Ñ : if hXh
'

th# h
'
then

FnFw=§pjEgEg ' ☒ Pgnpojn' = 0

=D ifgxg
' =D if g=g

'

to-1-9
'

or g
-g

'

Lastly, § E. =§,nEg☒Pgn=§Eg☒(§Pgn)=(§ F-g) ☒I

⇒ 0TH)zdma✗k§E)=hma×l§Eg ) -5014.

Application : Ran is vtx & edge transitive

-0154
.
)=4n Olsen )=i¥

So XqlR¢n)z4n + thus XqlR¢n)=4n .

Also ✗q(Ran )É¥n ) . If n is not a power of 2,

then

¥¥¥ >¥¥,=4n=X.ir.int ! ! !


